ABSTRACT. The Fatou-Julia decomposition for foliation is previously introduced by Ghys, Gomez-Mont and Saludes [8] . On the other hand, another Fatou-Julia decomposition can be considered [3] . We will briefly explain how the difference is, and discuss properties of the Julia sets. Some examples are also given. The details including proofs of results will appear elsewhere.
INTRODUCTION
The Fatou-Julia decomposition is one of the most basic concepts in studying complex dynamical systems. It is expected that the Fatou-Julia decomposition also exists for transversally holomorphic foliations of complex codimension one. Such a decomposition is firstly introduced by Ghys, Gomez-Mont and Saludes [8] . The decomposition is introduced by using vector fields invariant under the holonomy and related to deformations of foliations. On the other hand, the Fatou set is usually defined in terms of normal families. One can indeed ask if holonomies form a normal family, and define another Fatou-Julia decomposition [3] . Two decompositions are in a simple relation, namely, the Fatou set in the sense of Ghys, Gomez-Mont and Saludes is always contained in the Fatou set in our sense. When studying characteristic classes, the Julia sets are usually preferable to be small. From this viewpoint, the decomposition based on normal families is useful. On the other hand, relation to deformations is less obvious. Our definition of Julia sets is similar to those of mapping iterations so that one can expect they have common properties, for example, the Julia set is expected to have hyperbolic (expanding or contracting) holonomies. It is true under certain assumptions. In this article, we will explain the definition as well as some properties of Julia sets from this point of view. We will present some examples which illustrates properties of Julia sets.
This article is based on a talk which the author gave at "VIII International Colloquium on Differential Geometry" held in Santiago de Compostela during 7-11 of July, 2008. The author will express his gratitude to the organizers for their warm hospitality. He will also grateful to the referee for valuable comments. Especially, Proposition 2.3 and its proof is suggested by him. The details including proofs of results will appear elsewhere [3] . Some additional account can be found in another review of related results [4] .
DEFINITION OF THE FATOU AND JULIA SETS
Let M be a closed manifold and let F be a transversally holomorphic foliation of M . We assume that the complex codimension of F is equal to one. Let T be a complete transversal for F, namely, every leaf of F meets T at least once, and the holonomy pseudogroup associated with T consists of biholomorphic local diffeomorphisms. Before defining the Fatou set of F, we will define the Fatou set of (Γ, T ) as follows. Since M is compact, we may assume that the number of connected components of T is finite and that each component is an open disc in C. Moreover, we can find another complete transversal T ′ by slightly shrinking the complete transversal T . Let (Γ ′ , T ′ ) be the holonomy pseudogroup obtained by restricting 
It is known that (Γ, T ) is compactly generated [10] . The definition of the Fatou and Julia sets actually works for compactly generated pseudogroups.
(1) Γ U is a normal family if any subfamily F of Γ U admits a subfamily which uniformly converges on compact sets. This implies that asymptotic behavior of holonomies on U is tame. (2) We can choose T so that T can be embedded as a bounded subset of C because M is compact. Then, Γ U is always a normal family by virtue of Montel's theorem. On the other hand, it is necessary to fix a domain of definition in order to speak of normal families. This leads to the first condition in Definition 2.1.
The notion of Fatou set is closely related with complete pseudogroups [9] as follows. A pseudogroup (Γ, T ) is complete if for each pair of points x and y of T , there are open neighborhoods U of x and V of y with the following properties, namely, if γ x ′ is the germ of an element of Γ of which the source contains x ′ ∈ U and the target contains y ′ ∈ V then there is an element γ ∈ Γ of which the germ at x ′ is equal to γ x ′ . Such a pair (U, V ) is called a completeness pair.
Complete pseudogroups appear for example as the holonomy pseudogroups of Riemannian foliations of closed manifolds [9, 1] . Theorem 2.7 below suggests that these notions are of the same nature. It is straightforward that Γ is complete on the Fatou set in a uniform way. Actually the completeness of Γ on F (Γ ) is used in the study of the structure of the Fatou sets. Moreover, the following proposition holds. The proposition together with the proof is suggested by the referee, to whom the author is grateful.
Proposition 2.3. Let F be the union of x ∈ T
′ such that there is a completeness pair
Proof. Since (Γ, T ) is compactly generated, we may assume that T ′ is a finite union of open balls in C. Hence it suffices to verify that the condition (1)-(a) in Definition 2.1 holds precisely on F . Suppose that x ∈ F . Since the closure T ′ in T is compact, we can find a finite set of completeness pairs
(1) If (Γ, T ) is not compactly generated, then completeness is not preserved under equivalences of pseudogroups [1] . It is also the case for the FatouJulia decomposition. See Example 4.5.
(2) The closure of complete pseudogroups of local isometries can be defined [9] .
Hence, by Theorem 2.7 below, the closure of Γ | F (Γ ) can be defined. 
F (Γ ) and F (F) are open. Of course, J(F) is the complement of F (F).
The following lemma justifies the above definition.
Lemma 2.6. (1) F (Γ ) is independent of the choice of (Γ ′ , T ′ ). (2) F (F) is independent of the choice of (Γ, T ).
Let x ∈ F (F) and let l be a leaf path originated from x. The definition says that if l becomes long, then the holonomy along l will converge to a mapping after choosing a subsequence. Hence the dynamics in the Fatou set will be mild. Indeed, the following property of the Fatou set is fundamental.
Theorem 2.7. F is transversally Hermitian [13] when restricted to F (F).
This is shown as follows. First an invariant metric which is locally Lipschitz continuous can be explicitly constructed. Once this is done, it turns out that holonomies satisfy a first order differential equation which is Lipschitz continuous. This allows to apply classical results and arguments of H. Cartan on local Lie groups [5] , and it follows that F restricted to F (F) is transversally Hermitian.
Theorem 2.7 is quite relevant in the study of F (F) and also of J(F). For example, one can introduce the notion of critical exponent and conformal measures for Γ analogous to the case of mapping iterations. The construction strongly depends on the above theorem.
The Fatou and Julia sets of foliations are firstly introduced by Ghys, Gomez-Mont and Saludes [8] . The decomposition is defined by using holonomy invariant vector fields. Namely, if there is a section of the complex normal bundle of certain regularity which does not vanish at x ∈ M , then x belongs to the Fatou set. We refer the original article for the details and only remark the following fact. ′ , at the same time and obtain a holonomy defined on a neighborhood of p. The resulting holonomy does not necessarily belong to Γ ′ , but it belongs to Γ . In view of Theorem 3.1 below, it is preferable that the Julia set is small. On the other hand, the decomposition by Ghys, Gomez-Mont and Saludes is directly related to deformations of foliations. Our Julia set is too large to admit such vector fields.
The difference between F (F) and F GGS (F) is not quite large. Actually F (F) has a similar structure to that of F GGS (F). The difference largely occurs in the following situations:
(1) There is a holonomy of finite order. If such a holonomy exists, the corresponding leaf belongs to F (F) but not to F GGS (F). (2) It can be shown that the foliation naturally induces a Riemannian foliation F in the unit normal bundle on F (F). If there is a leaf, say, L of F which meets a fiber of the unit normal bundle more than once, the leaves of F contained in the projection of L fail to belong to F GGS (F). The both cases are easily realized as suspensions.
SOME PROPERTIES OF JULIA SETS
The Julia set is expected to play a role of minimal sets of real codimension-one foliations. For example, we have the following weak version of Duminy's theorem [7, 11] . (
1) The Godbillon-Vey class vanishes if J(F) is empty. (2) The imaginary part of the Bott class vanishes if J(F) is empty.
This is a straightforward consequence of Theorem 2.7 and the definition of characteristic classes. A precise version which concerns the Godbillon measure in the sense of HeitschHurder [11] and the residue of the imaginary part of the Bott class [2] can be also shown.
Since the definition of J(F) is similar to that of the Julia sets for mapping iterations, one can expect they have common or similar properties. For example, it can be shown that J(F) contains at most a finite number of closed leaves. One of the significant properties of the Julia sets for mapping iterations and the limit sets of Kleinian groups is that they contain many hyperbolic fixed points except elementary cases. We do not know if it is also the case for J(F), however, J(F) can be characterized as follows. In order to make the idea clearer, we give the statement in terms of foliations but in an ambiguous way. The precise statement is made in terms of pseudogroups. Remark 3.3. Theorem 3.2 suggests that J(F) contains a hyperbolic holonomy (i.e., the absolute value of the differential is not equal to one) associated to a loop under some mild condition. Indeed, some results are known. First, an analogy of conical limit sets in the context of complex dynamical systems (of mapping iterations) can be also introduced for J(F), and it can be shown that J(F) contains a hyperbolic holonomy if the conical limit set is non-empty. Second, according to a recent result of Deroin and Kleptsyn [6] , there exists a hyperbolic holonomy under the absence of transversal invariant measures. Leaves with hyperbolic holonomies are always contained in J(F) so that J(F) also contains a hyperbolic holonomy if F does not admit any transversal invariant measure. It seems quite difficult for F to admit an invariant measure unless J(F) is empty or F contains closed leaves. It is also known that the number of closed leaves contained in J(F) is finite. Finally, it is known that the support of the Godbillon measure contains leaves of exponential growth if it is non-empty [12] . A precise version of Theorem 3.1 implies that J(F) contains leaves of exponential growth if the Godbillon-Vey class of F is non-trivial.
Some notions concerning the Julia sets of mapping iterations and the limit sets of Kleinian groups will be also valid for J(F). For example, if F (Γ ) is non-empty then we can consider the critical exponent of Γ as follows. For a Kleinian group, the critical exponent is defined by looking at the convergence of Poincaré series. A direct analogue of the Poincaré series for Γ will be ∑
where Γ x denotes the subset of Γ which consists of elements defined near x, and γ ′ denotes the usual differential viewed as a function which is defined by fixing an embedding of T into C. However, it can be shown that the sum does not converge for any s even if x ∈ F (Γ ). This can be avoided as follows. There is an invariant metric on F (Γ ). If we write this metric as
. Hence the sum can be replaced with
To be precise, we should consider the integral
where dm g denotes the volume form with respect to g on T ′ (1/g is considered to be 0 on J(Γ )). In this way we can speak of critical exponent of Γ . We refer to the original article [3] for details with some further studies.
EXAMPLES
It is known that the number of closed leaves in J(F) is finite as mentioned in Remark 3.3. However, the number can be arbitrarily large if the manifold M is not fixed. 
, and let (u 1 , u 2 ) the inhomogeneous coordinates on C 2 . Let X be a vector field on C 2 given by
We assume that λ 1 λ 2 ̸ = 0, λ 1 ̸ = λ 2 and λ 1 /λ 2 ̸ ∈ R, then X induces a singular foliation 
) and let M 3 be its double, then M 3 naturally inherits a transversally holomorphic foliation F 3 induced from F. The foliation
The number of the Julia components can be arbitrarily large as follows. Let M ′ be a copy of M and let induced foliation of M r , then J(F r ) consists of r connected components. We remark that this construction can be also described by using blowing-ups. Example 4.2. Let Γ be a Kleinian group and let CP 1 = Ω(Γ)⊔Λ(Γ) be the decomposition into the domain of discontinuity and the limit set. Let F be a suspension of this action, then F (F) is the suspension of Ω(Γ) and the J(F) is the suspension of Λ(Γ).
Example 4.3.
There is a transversally Hermitian foliation F such that J GGS (F) is the whole manifold (Example 8.6 [8] ), where J GGS (F) denotes the Julia set in the sense of Ghys, Gomez-Mont and Saludes. On the other hand, J(F) is empty. In particular, F (F) F GGS (F).
Example 4.4.
There is a foliation F of a connected manifold such that the interior of J GGS (F) is non-empty without being the whole manifold (Example 8.9 [8] ). It is obtained by modifying a certain Fatou component into a Julia set (in the sense of Ghys, Gomez-Mont and Saludes). However, it is easily seen that this modification does not change the Fatou component into a Julia set in our sense and that the interior of J(F) is empty.
It seems unknown whether there exist foliations whose Julia set has non-empty interior. On the other hand, the Julia set of foliations can be the whole manifold. Such an example can be obtained by taking suspensions as in Examples 4.2.
We do not know if there is a reasonable extension of the Fatou-Julia decomposition to not necessarily closed manifolds (or non-compactly generated pseudogroups). Indeed, it is relevant to choose (Γ ′ , T ′ ) so that the closure of T ′ in T is compact in defining the Fatou set. Note that the closure of T ′ in T is non-compact. Applying the definition to (Γ, T ) and (Γ ′ , T ′ ), the Fatou set is empty.
Note that this construction can be done in a foliation chart. The above example also shows that if we directly apply Definition 2.1 to a foliation of an open set, then the FatouJulia decomposition will depend on the choice of the realization of the holonomy pseudogroup.
